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In this paper, we extend Li’s criterion for a function ﬁeld K of
genus g over a ﬁnite ﬁeld Fq . We prove that the zeros of the
zeta-function of K lie on the line Re(s) = 12 if and only if the Li
coeﬃcients λK (n) satisfy∣∣λK (n)∣∣ 2gqn/2 for all n ∈ N.
Therefore, we particularly show that the Riemann hypothesis for
the function ﬁeld K holds if and only if
∣∣Nn − (qn + 1)∣∣ 2gqn/2 for all n ∈ N,
where Nn = |X (Fqn )| is the number of Fqn -rational points on the
curve X associated to the function ﬁeld K . Finally, we give an
explicit asymptotic formula for the Li coeﬃcients λK (n).
© 2010 Elsevier Inc. All rights reserved.
1. Introduction and notations
In 1997, Li [4] derived a necessary and suﬃcient condition for the Riemann hypothesis in terms of
the positivity of the set of coeﬃcients
λn =
∑
ρ
1−
(
1− 1
ρ
)n
for all n ∈ N,
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478 S. Omar, S. Bouanani / Finite Fields and Their Applications 16 (2010) 477–485in which ρ runs over the non-trivial zeros of the Riemann zeta-function. These coeﬃcients λn are ex-
pressible in terms of power-series coeﬃcients of functions constructed from the Riemann ξ -function,
ξ(s) = 12 s(s − 1)π
−s
2 Γ ( s2 )ζ(s). The coeﬃcients λn occur in the Laurent series of
ξ ′
ξ
at s = 0. Indeed,
d
dt
log ξ
(
t
t − 1
)
= −1
(1− t)2
ξ ′
ξ
(
t
t − 1
)
=
∞∑
n=0
λn+1tn.
In 1999, Bombieri and Lagarias [1] extended this criterion and gave a formula for λn using the
Weil explicit formulae. In 2004, Li [5,6] has also established similar results in the case of Dirichlet
L-functions and Hecke L-functions. Later, in 2006, Lagarias [3] gave an explicit expression of the Li
coeﬃcients for automorphic L-functions. More recently, Omar and Mazhouda [8–10] extended this
criterion to the framework of the Selberg class.
In this paper, we extend the Li criterion for function ﬁelds and establish an explicit and asymptotic
formula for the Li coeﬃcients. Consider a function ﬁeld K with a ﬁnite ﬁeld of constants Fq and let
X be its corresponding algebraic curve of genus g deﬁned on Fq . The zeta-function of K is deﬁned
by
ZK (T ) =
∑
n0
CnT
n, (1)
where Cn = |{D ∈ Div(K ); D  0, deg(D) = n}|, or like an Euler product
ZK (T ) =
∏
D prime
(
1− T deg(D))−1. (2)
One can regard the zeta-function of K as an analogue of the classical Riemann ζ -function. It can be
written as
ζK (s) =
∑
n0
Cnq
−ns = ZK
(
q−s
)
for all s ∈ C. (3)
Unlike the classical Riemann ζ -function, ZK turns out to be a rational function
ZK (T ) = L(T )
(1− T )(1− qT ) , (4)
where L(T ) ∈ Z[T ] of degree 2g . Moreover, ZK has the following properties:
(i) (Functional equation) We have
ZK
(
q−s
)= qg−1q−s(2g−2)ZK
(
1
q(1−s)
)
for all s ∈ C,
i.e.
qs(g−1)ζK (s) = q(1−s)(g−1)ζK (1− s) for all s ∈ C. (5)
(ii) (Riemann hypothesis for function ﬁeld) The roots of L(T ) are of absolute value q− 12 , which is
equivalent to the statement that the zeros of ζK (s) lie on the line Re(s) = 12 . This is the analogue
of the classical Riemann hypothesis and was ﬁrst proven by Weil [13].
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k 2π ilogq (for k ∈ Z), for more details we refer to [11, p. 201].
The polynomial
L(T ) = (1− T )(1− qT )ZK (T )
is called the L-polynomial of K and satisﬁes the functional equation
L(T ) = qgT 2g L
(
1
qT
)
. (6)
We write
L(T ) = a0 + · · · + a2g T 2g
where ai ∈ Z, a0 = 1, a2g = qg and a2g−i = qg−iai for 0 i  g .
The polynomial L(T ) can be written in C[T ] as the following product
L(T ) =
2g∏
i=1
(1− αi T ), (7)
where the complex numbers α1, . . . ,α2g are algebraic integers, and they can be arranged such as
αiαg+i = q holds for i = 1, . . . , g . Moreover, L(1) =∏2gi=1(1 − αi) is the class number of K denoted
by hK .
Therefore, the Riemann hypothesis for the function ﬁeld K holds if and only if |αi | = q1/2 for all
1 i  2g . For more details we refer to [2].
2. The Li criterion for function ﬁelds
We consider the function
ξK (s) =
(
1− q−s)(1− q1−s)ΛK (s), (8)
where ΛK (s) = q(g−1)sζK (s) satisﬁes the functional equation
ΛK (s) = ΛK (1− s).
This function is an entire function of order one (see [3]). Let deﬁne the Li coeﬃcients for the function
ﬁeld K by
λK (n) =
∑
ρk
[
1−
(
1− 1
ρk
)n]
, n 1, (9)
where ρk runs over the non-trivial zeros of ζK (s). The coeﬃcients λK (n) occur also in the Taylor
expansion of
ξ ′K
ξK
at s = 0
d
dt
log ξK
(
t
t − 1
)
=
∞∑
n=0
λK (n + 1)tn. (10)
In the following proposition, we give an explicit formula for the Li coeﬃcients λK (r), r  1.
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λK (r) = −r
{ 2g∑
i=1
∞∑
n=1
(αi)
n
n
[
r−1∑
k=0
(
r − 1
k
)
(logqn)
(k + 1)!
k+1]}
, for all r  1. (11)
Proof. Let the function f be deﬁned by
f (t) = exp
( −nt
t − 1 logq
)
.
f has derivatives of all orders throughout a neighborhood of t = 0. Then, one can write the Taylor
expansion of f at t = 0 as follows
f (t) = exp
( −nt
t − 1 logq
)
= 1+
∞∑
r=1
(
r−1∑
k=0
(
r − 1
k
)
(logqn)
(k + 1)!
k+1)
tr .
Noting that,
log ξK
(
t
t − 1
)
= log L(q −tt−1 )
= log
2g∏
i=1
(
1− αiq −tt−1
)
= −
2g∑
i=1
∞∑
n=1
(αi)
n
n
q
−nt
t−1
= −
2g∑
i=1
∞∑
n=1
(αi)
n
n
(
1+
∞∑
r=1
(
r−1∑
k=0
(
r − 1
k
)
(logqn)
(k + 1)!
k+1)
tr
)
.
Therefore, from (10), Proposition 2 follows. 
In particular,
λK (1) =
2g∑
i=1
[ ∞∑
n=1
− (αi)
n
n
(
logqn
)]= − 2g∑
i=1
∞∑
n=1
(αi)
n logq = (logq)
2g∑
i=1
(
αi
αi − 1
)
,
and
λK (2) = 2
2g∑
i=1
∞∑
n=1
− (αi)
n
n
(
logqn + 1
2
(
logqn
)2)
= −2
2g∑[ αi
1− αi logq −
αi
2(1− αi)2 (logq)
2
]
.i=1
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λK (1) = (logq) L
′(1)
L(1)
.
Consequently, one can verify the positivity of the ﬁrst coeﬃcient λK (1) for all function ﬁelds K with-
out assuming the Riemann hypothesis. Actually, by using the formula [7, Corollary 3.1.1, p. 54] we
have
(q − 1)ZK (T ) =
∑
D˜
qN(D˜)T deg(D˜) + hKq1−g (qT )
2g−1
1− qT −
hK
1− T ,
where the sum is over all divisors classes D˜ with degrees in the range 0 deg(D˜) 2g −2 and N(D˜)
is the maximal number of linearly independent positive divisors in D˜ . We have also
L(T ) = (1− qT )(1− T )ZK (T )
and
L(1) = hK .
Thus,
L(T ) = 1
q − 1
(
(1− qT )(1− T )
∑
D˜
qN(D˜)T deg(D˜)
+ hKq1−g(qT )2g−1(1− T ) − hK (1− qT )
)
,
hence,
L′(1) = 1
q − 1
(
(q − 1)
∑
D˜
qN(D˜) − hKqg + hKq
)
.
Therefore,
L′(1)
L(1)
= 1
(q − 1)hK
(
(q − 1)
∑
D˜
qN(D˜) − hKqg + hKq
)
= 1
hK
∑
D˜
qN(D˜) −
(
qg − q
q − 1
)
.
Noting that,
λK (1) 0 ⇐⇒ L
′(1)
L(1)
 0
⇐⇒ 1
hK
∑
˜
qN(D˜)  q
(
qg−1 − 1
q − 1
)
= q + q2 + · · · + qg−1.D
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1
hK
∑
D˜
qN(D˜) =
∑
D
ql(D), (12)
where the sum on the right-hand side of (12) is over any representative D of each class D˜ with
0 deg(D) 2g − 2 and N(D˜) = l(D) (see [7, p. 49]). The Riemann–Roch theorem yields
l(D) deg(D) + 1− g.
Therefore,
1
hK
∑
D˜
qN(D˜) =
∑
D
ql(D) 
∑
gdeg(D)2g−2
qdeg(D)+1−g  q + q2 + · · · + qg−1.
Ultimately, λK (1) 0 for all function ﬁelds K .
More generally, we can extend Li’s criterion for the function ﬁeld K . To do so, ﬁrst recall the
following theorem established by Bombieri and Lagarias in [1].
Theorem 1. Let R be a multi-set of complex numbers ρ such that 1 /∈ R and ∑ρ 1−|Re(ρ)|(1+|ρ|)2 < ∞, then the
following conditions are equivalent:
(1) Reρ  12 , for every ρ ∈R.
(2)
∑
ρ Re[1− (1− 1ρ )−n] 0, for n = 1,2,3, . . . .
Second, let Z(ζK ) be the set of the non-trivial zeros of ζK (s). Then,
Z(ζK ) =
{
ρk = 12 ± i
θ j
logq
+ i 2kπ
logq
, j ∈ {1, . . . , g}, k ∈ Z
}
,
where θ1, θ2, . . . , θg ∈ [0,2π [ are the angles of the roots of L(T ) (see [3]). Moreover, Z(ζK ) is invariant
under the symmetry ρk → 1− ρk . Therefore, from [1, Corollary 1, p. 4], the non-trivial zeros of ζK (s)
are located as follows.
Corollary 1. The non-trivial zeros of ζK (s) lie on the line Re(s) = 12 if and only if λK (n) 0 for all n ∈ N.
There is a natural development of L(T ) at T = 0 which corresponds to s = ∞ and has not an
analogue for the number ﬁeld case.
Theorem 2. The following conditions are equivalent
(i) The zeros of ζK (s) lie on the line Re(s) = 12 .
(ii) |λK (n)| 2gqn/2 for all n ∈ N.
Proof. If the zeros of ζK (s) lie on the line Re(s) = 12 , then the roots of L(T ) are of absolute value q−
1
2 .
Note that
log
(
L(T )
)= ∞∑ λK (n)
n
Tn. (13)
n=1
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∞∑
n=1
λK (n)
n
Tn = −
2g∑
i=1
∞∑
n=1
(αi)
n
n
Tn,
where |αi| = q1/2. Then,
λK (n) = −
2g∑
i=1
αni for all n 1
and therefore |λK (n)| 2gqn/2.
Conversely, if |λK (n)| 2gqn/2 for all n ∈ N, then R  q−1/2, where R is the radius of convergence
of
∑∞
n=1
λK (n)
n T
n . Indeed, if T = q−1/2 with || < 1, then ∑∞1 | λK (n)n ||T |n  2g log(1 − ). Therefore,
from (13), L(T ) has no roots in the disc |T | < q−1/2 (i.e. αi  q1/2).
Using the fact that
∏2g
1 αi = a2g = qg, we derive the result. 
The zeta-function ZK (T ) also encodes Nn = |X (Fqn )|, the number of Fqn -rational points on the
curve X corresponding to the function ﬁeld K with the ﬁeld of constants Fq by
ZK (T ) = exp
(∑
n1
Nn
Tn
n
)
. (14)
Corollary 2. The zeros of ζK (s) lie on the line Re(s) = 12 if and only if
∣∣Nn − (qn + 1)∣∣ 2gqn/2 for all n 1, (15)
where Nn = |X (Fqn )|, the number of Fqn -rational points of the curve X .
Proof. From (4), we have
log L(T ) = log(1− T ) + log(1− qT ) + log(ZK (T )).
Hence, from (14) and (13), we obtain
∞∑
n=1
λK (n)
n
Tn = −
∞∑
n=1
Tn
n
−
∞∑
n=1
qnTn
n
+
∞∑
n=1
Nn
Tn
n
.
Therefore,
log
(
L(T )
)= ∞∑
n=1
(
Nn − qn − 1
n
)
Tn.
Then, from Theorem 2, Corollary 2 follows. 
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In this section, we give an explicit asymptotic formula for the Li coeﬃcients λK (n). Let consider
N(T ) = #Z(ζK ) in the rectangle R(T ) with vertices {−1− iT ,2− iT ,2+ iT ,−1+ iT }.
Proposition 2.We have
N(T ) = 2T
π
(g − 1) logq + O (log T ). (16)
Proof. Let the functional equation
ΛK (s) = Q sζK (s),
where Q = q(g−1) . The zeros of ΛK are the non-trivial zeros of ζK . If T is not the imaginary part of a
zero of ζK , then
2πN(T ) = R(T ) argΛK = i−1
∫
R(T )
Λ
′
K (s)
ΛK (s)
ds.
Since ΛK (s) = ΛK (1− s), the variation over the curve C(T ) which goes from 12 − iT to 2− iT to 2+ iT
to 12 + iT is half the variation over R(T ) i.e.
2πN(T ) = R(T ) argΛK (s) = 2C(T ) argΛK (s).
Let s be on the curve C(T ). We have
C(T ) argΛK (s) = C(T ) arg Q s + C(T ) arg ζK (s).
Hence
2πN(T ) = 2[C(T ) arg Q s + C(T ) arg ζK (s)]= 2[2T log Q + O (log T )].
Then, Proposition 2 follows. 
The asymptotic formula for the Li coeﬃcients λK (n) is stated in the following theorem.
Theorem 3.We have
λK (n) = 2(g − 1) logqn + o(n), for n → ∞. (17)
Proof. We proceed as in the paper of Voros [12]. When all the zeros ρK lie on the critical line, we
transform the summation (9) into a Stieltjes integral. Then, we obtain
λK (n) = 2
+∞∫ [
1− cos(nθ(T ))]dN(T ),
0
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λK (n)
n
= 2
π∫
0
sin(nθ)N
(
1
2
cot
(
θ
2
))
dθ.
Replacing N(T ) by (16) and 12 cot(
θ
2 ) by
1
θ
, we have an error term of the form fn =
∫ π
0 sin(nθ) f (θ)dθ ,
where f is integrable over the closed interval [0,π ]. Hence, by the Riemann–Lebesgue lemma this
error term is o(1). Therefore,
λK (n)
n
=
π∫
0
sin(nθ)
θ
(
4(g − 1)
π
)
logqdθ + o(1).
Next, change variable nθ by t and replace upper t-bound nπ by +∞. Therefore, we get a second error
term which is again o(1). Then,
λK (n)
n
= 4(g − 1)
π
logq
+∞∫
0
sin(t)
t
dt + o(1).
Finally, using the fact that
∫ +∞
0
sin(t)
t dt = π2 , we obtain
λK (n) = 2(g − 1) logqn + o(n). 
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